This paper gives a method of obtaining imaginary quadratic fields whose class groups have at least three invariants divisible by 3. Complementary calculations have yielded a large number of imaginary quadratic fields having class groups with four invariants divisible by 3. Some numerical examples, previously unknown, are included.
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Notations and Previous
If 3)1 is an ideal of k generated by the positive integer m and the algebraic integer Vi(a + b \/-~d) we write: I = <m;a, b).
In the numerical examples, b = 1 will always be chosen; in this case, we simplify the notation and write:
{m; a) for {m; a, 1).
Let us assume that m, y and z are nonzero integers which, for a certain fundamental discriminant -d, satisfy: 4m3 = y2 + z2d.
The triple s = (m; y, z) will be named a solution of the Diophantine equation:
(1) 4X3 = Y2 + Z2d.
We always chose the value of z in s to be positive. (The value of m must necessarily be positive if we deal with imaginary quadratic fields.)
1.2. The following lemmas give a relation between the ideals of k and the solutions of (1) [3] , [4] . (ii) of Lemma B, and if 1 < m < \Jd/4, then the ideal 1 of k corresponding to the solution s is of order 3. 1.3. Following the same procedure as in [3] , for the search for imaginary quadratic fields k having a 3-rank of the class group greater than 1, we look for solutions of(l).
From a numerical point of view, the search for two solutions x = (m;y, z) and s = (m; y', z') of Eq. (1) 
Henceforth, we will assume that the integer value of m is fixed. Thus, concerning the first equation of (2) we may state the following:
Lemma 1. For each value of y which satisfies the inequality 4m3 > y2, we can factor the integer y2 -4m3 uniquely as a product of a square and a fundamental discriminant.
It is sufficient to factor 4m3 -y2 in primes.
The symbol N(f) (or simply N if no ambiguity exists) will represent the value of the expression Nit) = 3m2 + 3mt + t2
where the variable t takes only integer values.
Let us assume now that the value of / can be written as a product of two integers t = t't" and that the same holds true for N(t) = N'N" . In this case the second equation of (2) becomes t't"N'N" = v(v + y); and if we insist that v = t"N", it follows that y = t'N' -t"N".
We may, therefore, state the following:
Lemma 2. Let us assume that integers t and N can both be factored in the form t = t't" and N = N'N". If the expression y = t'N' -t"N" satisfies the inequality 4m3 >y2, then Eq. (l)has the two following solutions sx = (m;y, z), s2 = (m + t;y + 2t"N", z).
The value of d in Eq. (\)and the integer z which appears in sx and s2 are the integers described in Lemma 1.
2. The Case t' = 1. A particular case of interest is the one where we take for t' and t" the values t' = 1 and t" = t (see also [1] ). We then obtain the following lemma which is more precise than Lemma 2: Lemma 3. Let us assume that the integer N(t) can be decomposed as a product and (m + t, y + 2tN") in the x-y plane with the elliptic curve Y2 = 4X3 -z2d.
Lemma 4. In order that the three solutions of Eq.
(1) described in Lemma 3 satisfy the conditions of Lemma B, it is necessary for N " to be the norm of an integer of Qi\f~3). and note that the identities 4mxm2m3 = 4m\ + 4m\(t + t ) + 4mxtt
give the formula (4) 4mxm2m3 = (yx -2mxN")2 + z2d.
The ideal corresponding to the solution s¡ is the ideal fflf = <mJ;y,/cí, z/c¡), where c¡ is the greatest common divisor of m¡ and z, for /' = 1, 2, 3. and \) and p never divide the same ideal at the same time. We can now assume that Ii divides 501 j and £ divides 5Dl2 (the other possible cases can be verified in an analogous manner). The norms mx and m2 of these ideals must be divisible by p. Thus, p divides t and we obtain the congruence yx = y2 (mod 2p). This implies that the ideal \) which divides the integer lMyx + z\J-d) also divides the integer xh(y2 + z\J-d)
in contradiction with the fact that 5012 has no integral rational factors. Thus, if p divides the product 501,501213, the same does not hold true for )p.
Let us now consider the case where q is a prime which divides d, and let us assume that the ideal q, which divides (¡7), divides at least one ideal in the product 50! j5Ul250l3. u is c'ear that Q divides the norm of this ideal; consequently, q also divides the integer z. We now deduce, by using formula (4), that q2 divides the product mxm2m3. Now,according to condition (ii) of Lemma B, the idealq must necessarily divide at least two ideals among the three ideals 5H(.. In the particular case where the ideal q divides each one of the three ideals 501 (-, we deduce from (3) that q also divides N".
Let c be the greatest common divisor of the integers cx, c2 and c3, and let c, = cc\. According to the above, the product c\c2c3 is a square which will be written as follows:
The product of the three ideals icl)^i = <cimi;yt, z)
is equivalent to the product l^f 3, as well as to the product l'jl2Sl'3 (the ideals 5D¡¡ are defined by the formulae: icx)% = (cmx;yx, z), (c2)l2 = (m2;y2, z>, (c3)l'3 = <m3;y3, z>), because the ideal l^S^ only differs from the ideal ÏR',121'3 by the product of a square of a ramified ideal.
Since c has no square divisors, c therefore divides N" and we have the following congruences:
We deduce that the integer
whose norm is given by formula (4), is divisible by the ideal 50!,' 5K21'3. If we compare the norm of the integer w/c" and the norm of the ideal Sljljlj, we obtain:
Consequently, the product 5K,50i2l3 is principal and the lemma is proven.
To obtain fields k with r greater than 2, we must find more solutions to Eq. (1).
Families of Imaginary Quadratic Fields. The notations used in the proof of
Lemma 5 are maintained in this section.
3.1. We know that if N" and t are two integers for which the conditions of Lemma 3 are satisfied, then Eq. (1) has three solutions.
If we wish to speak of ideals corresponding to these three solutions, it is necessary that these solutions also satisfy the conditions of Lemma B.
In this case, one necessary condition for the ideals 50lj, 3R2 and 5013 (whose respective norms are mx, m2 and m3) to be reduced is that their norms satisfy the inequalities:
the relation (3) and the inequality 1 < d < 4m\ give (5) V/7/7 < A'" < V3 í¡4m\/3 < 2^/rnJ.
On the other hand (Lemma 4), N" must be the norm of an integer of Qis/~3) and at the same time a divisor of the number N= 3m\ +3mxt + t2.
Consequently, N" is necessarily a number of the form
where the integers (positive) u, a and b are subject to the following conditions:
-u only takes the values 0 or 1 ; -if pa is the greatest power of the prime p which divides a, then pa also divides mx; -if the prime p divides b, then p is a prime of the form p = 1 (mod 6).
We will call norms suitable for mx all integers which are of the form (6) and which also satisfy the inequalities (5).
It should be noted that if, for a certain value of N" Eq. (1) has three solutions and the corresponding ideals are reduced, then N" is necessarily a norm suitable for mx.
Let us now assume that the value of mx was chosen in such a way so that the set of the suitable norms for mx not be empty (this is always possible for sufficiently large values of mx).
Let TV" be a norm suitable for m,, and then let us determine a complete system of residues mod N" which will be designated by RiN").
The congruence (7) 3m2 +3mxt + t2 =0 (mod N"), therefore, has solutions. Let t0 G RiN") be a solution of (7) . To this value of t0, we associate the integer Every integer congruent to t0 mod N" may be put in the form t¡ = t0 + iN"
(/' G Z); and we will associate to this value of t¡ the integer 3m\ + 3mxt{ + t] y¡ = -t,N" N" which we will write in the form (8) y i = y0 + 'i{o -~o) + *2/v" 0'G z)-3.2. According to the symmetry between t0 and tQ, it is clear that r0 is a solution of the congruence (7) if and only if t0 is a solution of (7).
Let t G R(N") be the residue congruent to t0 mod TV" and let us consider the family {y¡} (i G Z), which may be associated to the pair (N , t ) in a way similar to that of formula (8) . We immediately see that the family {y¡} and the family {y¡} associated to the pair (A/", tQ) only differ in the order of their terms. To avoid repetitions, we will only take into consideration the values of /' for which t0 + iN" = t¡ < t¡ = tQ -iN", that is, whenever tQ < tQ -2iN".
Moreover, in the search for imaginary quadratic fields, we will only take into account the integer values of y¡ in the family {y¡} which satisfy the inequality (9) We will associate to each pair (TV", t0), where TV" is a norm suitable for mx and tQ G R(N") a solution of congruence (7), a subset of Z defined in the following manner: / = /(TV", r0) = {/' G Zl \yt I < s/4mj; tQ < 7n -2/TV" }.
If/ is not empty, we obtain, for each integer /' G /: -one integer y¡ defined by formula (8) and satisfying inequality (9); -two positive integers z¡ and d¡, uniquely determined (Lemma 1), and defined by the equality z2d¡ = 4m3 -y2; -three solutions of Eq. (1) (with d¡ instead of d) explicitly given by Lemma 3.
With every set of indices /, we define the following subsets: -/' = /'(TV", f0), subset of the set / containing all /' G / for which the solutions of Eq. (1) satisfy the conditions of Lemma B.
-/" = /"(TV", r0), subset of/' containing all /' G /' for which at least two ideals among the three ideals corresponding to the three solutions of Eq. (Let us note that condition (b) above, can also be expressed in the form (b') t^O^t^N"2 -3mx.)
Whenever /* = /*(TV", tQ) is not empty, we will name the family {y¡ } (/' G /*), family of abscissas associated to the pair (TV", tQ).
For each abscissa y¡ belonging to the family of abscissas associated to the pair (TV", r0), we obtain the field k{ = Ô(Vy,2-4m3) = Q(J^zJdi) = QW-T7);
the family {k¡ } ii El*), will be called family of fields associated to the pair iN", t0).
We can now state:
Theorem 1. The 3-rank r for each field of the family associated to the pair iN", t0) satisfies r>2.
3.3. Let C (resp. C', C", C*) be the set of pairs of the form (TV", tQ) for which the set / (resp. /', /", /*) is not empty.
Let us now assume that C* contains at least two different pairs: (TV", f0) and (TV", ?0). We will denote by / the set /(TV", t0) and by / the set /(TV", t0). In an analogous manner we will designate by /', /", /* the subsets of/ defined above and by /', /", /* the corresponding subsets of/. The indices belonging to / will be designated by the letter /' and the indices belonging to /, by the letter /. Thus, [y¡ } (/' G /*) will designate the family of abscissas associated to the pair (TV", t0) and {y.} (/' G /*), the family of abscissas associated to the pair (TV", ?0). We will also note: lf,. = r0+/7V", \Ti = T(j-iN" =N"2 -3mx-t¡ (/G/*) and tf = t0+jN", 7j=N"2-3mx-tj O'G/*).
Theorem 2. // there are indices i G /* and j G /* such that:
ii) 1^ I = b71 fl/w/ _
(ii) the integers t¡, t¡, t-, t¡ are different from each other, then the 3-rank of the field Qi\yf-4m3) is r > 3.
Proof. Equation (1) has the following solutions:
*i = (mx;y¡r z¡), s2=imx + ti;yi + 2r,TV", z,.), s3=imx + 7i;yi + 2/yV", z(), s4 = (m,; y¡, z¡), s5 = (m, + tJ.;yj + 2t¡Ñ", z¡), s6 = (m, +7,\y, + 2^-TV", z7).
The ideals corresponding to these solutions are, respectively, 50!,, 5012,50!3,50!4,
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 15,5Dl6. According to condition (i), the ideals I, and 50!4 are either equal or conjugates. From condition (ii) and from the definition of the sets /* and /*, we deduce that in the set constructed with the ideals 3l1,50l2,5Dl3,5Dl5,50l6 and their conjugates, all the ideals are different from each other. We deduce that the 3-rank of the field Qis/y2-4m3) is greater than 2.
3.4. We now make a few observations concerning the practical utilization of this method.
Remark 1. The most difficult verification to make is to ensure that an index i which belongs to the set / also belongs to the set /*.
To simplify the calculation, we can use, instead of Theorem 2, the following theorem, the statement of which is equivalent to the one of Theorem 2, but in which we have established a different order for the verifications of the conditions imposed on the indices. This theorem is valid whenever C contains at least two different pairs.
Theorem 2'. // there are indices i G / and j EI such that ii) 1*1=1*1,
(ii) the integers t¡, t ¡, t¡, t, are different from each other, (iii) i El* and j El*, then the 3-rank of the field Qivy2-4m3) is r > 3.
Remark 2. Instead of considering the set C*, we may use the set C". In that case, we obtain a greater number of fields having a 3-rank r = 3 (cf. example in 4.1), but the calculation for obtaining sufficient conditions so that the 3-rank of the field be r > 3 is much more complicated.
The following theorem indicates the method to be used with C": Theorem 2". Let us assume that C" contains at least two different pairs iN", t0) and iN", t0). If there are indices i E I and j El such that (0 1*1= b, I, (ii) i El" andjE?", (iii) the class of ideals represented by 15 does not belong to the subgroup of the class group generated by the classes represented by the ideals 1, and 50! 2 then the 3-rank of the field Q(\J'y] -4m3) is r > 3. 
2").
The following procedure is common to both: -we fix the desired value of mx ; then, we take for TV" all the norms suitable for this value of m, ; -for each norm TV", we look for all the solutions of congruence (7) in R(N"). We can then easily construct the set C; -we determine (depending upon the available memory in the computer) a consider the example of the field kx = Q(V-63199139), discovered by Shanks [8] , which served as the lower bound for the discriminants published in [3] .
We found the field kx for the value mx = 683, for the pairs (37, 5) and (169, 1) and for the indices -11 G /*(37, 5) and -1 G /"(169, 1). It is easy to verify that -1 G /*(169, 1), and this shows that the field kx cannot be obtained in the interval 11 < mx < 2000 if we use only Theorems 2 and 2'. 4.2. We found 156 quadratic fields k having r = 3, unknown thus far [3] , [10] ,
for the values of d belonging to the interval 3321607 <d< 63199139.
Among these fields, there are five for which the value of d is less than 107. In Table 1 , we give these values of d, the class number of the corresponding imaginary quadratic fields and three reduced ideals generating the group H comprised of the classes whose cube is the principal class. We also give the structure of the class group of these fields using the notation n x n x n x . . .
to indicate that the group is a product of cyclic groups of orders n, n , «",.... give a description of the two fields having the smallest values of d known to us. In these tables, we indicate the class number, the structure of the class group and the 40 reduced ideals of these fields, which, with their conjugates and the principal class, comprise the group H; alongside each reduced ideal, we indicate the corresponding solution of Eq. (1).
In Table 4 we present all the values of d, known to us, satisfying the inequality d < 1010, for which the corresponding quadratic fields have a 3-rank r = 4. For each one of these fields, we give four reduced ideals representing classes which generate the complete group H. 4.4. All the numerical results in Tables 1,2,3 [6] , and the exhaustive calculation of the reduced ideals of the field.
